We calculate the degree of horizon smoothness of multi-M2-brane solution with branes along a common axis. We find that the metric is generically only thrice continuously differentiable at any of the horizons. The four-form field strength is found to be only twice continuously differentiable. We work with Gaussian null-like co-ordinates which are obtained by solving geodesic equations for multi-M2 brane geometry. We also find different, exact coordinate transformations which take the metric from isotropic co-ordinates to co-ordinates in which metric is thrice differentiable at the horizon. Both methods give the same result that the multi-M2 brane metric is only thrice differentiable at the horizon.
Introduction
Multi-black hole solutions in four dimensional Einstein-Maxwell theory have been known and analyzed extensively [5] in literature. In [1] , smoothness of multi-black hole spacetimes in higher dimensional Einstein-Maxwell theory was analyzed using Gaussian null co-ordinates, building on earlier work by [4] . In [2] , similar analysis was done for multi-BMPV black holes. In this work we analyze the issue of horizon smoothness for the case of M2 brane of Mtheory. Among the fundamental objects in string and M-theories, M2 branes are special in having an analytic horizon. In [3] , multi-M2 brane metric was given and the possibility that horizon may not be analytic was mentioned. In [7] , authors considered the case of infinite array of M2 branes and found that horizon is analytic in this case. This case is parallel to the higher dimensional black holes in compactified space-times, considered in [8] . In this work we explore the problem of degree of smoothness of multi M2 brane horizon in detail. We use Gaussian null co-ordinates to construct a co-ordinate chart that covers the horizon. The metric near the horizon is constructed as a series in affine parameter along a null geodesic and the resulting metric coefficients are found to be thrice differentiable only. We also construct exact C 3 extension of the metric by means of suitable co-ordinate transformations. Both approaches
give the same result. Because of finite differentiability at horizon, the extension and hence the interior metric is not unique.
Single centered M brane
First we analyze the case of single centered M2 brane and find co-ordinates in which metric is analytic at the horizon and can be continued to the interior. Here the term analytic refers to real analyticity i.e being infinitely differentiable at the horizon as real functions and the existence of a Taylor series expansion around the horizon which converges to the function. As a matter of notation, we will call a function f (x) as C k function if function f (x) and it's derivatives f ′ , f ′′ , ... f k exist and are continuous at the point in consideration. To go to non-singular co-ordinates,we define, following [6] part metric is also analytic and we can find co-ordinate transformation which express this. In terms of ρ, the horizon (which was at r = 0 in previous isotropic co-ordinates) is at ρ = 0 while asymptotic infinity corresponds to ρ → 1 − . Now we derive explicit regular co-ordinates for AdS 4 which will be useful later on also. where we have defined light-cone co-ordinates u, v = x 1 ± t. First thing to note is that the horizon is not just ρ = 0 but also t → ∞. So to go to the horizon we need the limits
Now we define new co-ordinates
In these co-ordinates, horizon is at V = 0 while W is finite at the horizon. Using these, we get
One can see that in these co-ordinates the metric for AdS 4 is regular.Rest of the metric 2.4
is easily seen to be analytic at the horizon in these co-ordinates.
3 Differentiability of two centred M2 brane horizon using axial null geodesics
In this section, we follow [1] to do a quick calculation to determine the differentiability of one particular component of the metric. This will prepare us for the use of Gaussian null co-ordinates for the multi-centred M2 brane metric which is done in next section. Here we use the argument given in [1] which proves the following : If the metric admits a C k extension through one of the horizons, with k ≥ 2, and that this extension admits a Killing vector field V then V must be C k . We will apply this result to the isometries of the solution corresponding to space-time translations along the brane world volume i.e. V is any of
. The norm 4 of V is ∝ H −2/3 . Since both the metric and V are C k , it follows that H −2/3 must also be C k through the horizon. We can use this to determine an upper bound on k by considering H −2/3 along an axial null geodesic. Studying axial geodesics are best done in a co-ordinate system that uses cylindrical polar co-ordinates z, σ, Ω 6 in the transverse space. The metric for the two centred M2 brane solutions in cylindrical polar co-ordinates is
Consider a future directed null geodesic approaching the origin along the positive z-axis.
This geodesic has a non-trivial dependence on the affine parameter for only four co-ordinates, t(λ), x 1 (λ), x 2 (λ) and z(λ); all other co-ordinates take constant values except σ(λ) = 0. Nontrivial geodesic equations are
Here λ derivatives are denoted by dot over the respective variables. In this special case, these geodesic equations can be integrated once 1 to give
(3.14)
We know that the horizon is located at z = 0. We can choose that the affine parameter takes the value zero at the horizon so that z(λ) is small near λ = 0. A small z expansion of H
1/6
will have 1/z as the leading order term. Hence
and this implies that z(λ) can be expanded in terms of powers of √ −λ, the minus sign because λ is negative outside the horizon and becomes zero at the horizon. i.e. z −→ 0 + as λ −→ 0 − . Hence we make the ansatz
1 see next section for more details about this Now, we use 3.14 to determine the coefficients c n : 
The norm of the Killing vector fields is then computed:
We thus see that the norm is a C 5 and not C 6 function; the addition of an extra centre has decreased the horizon smoothness. Also, the single centered case can be obtained by substituting µ 2 = 0 in the above and we see that the metric is analytic (at least to the order we have have displayed) but of course we know this from the construction of exact co-ordinates in the previous section. One can try to consider norm of Killing vectors corresponding to the SO(7) symmetry of the metric to determine the degree of differentiability of corresponding metric components. But the six sphere along which these Killing vector fields are supported become zero size everywhere on the axial geodesic and consequently the norms of the Killing vector fields vanish. We would need to consider radial geodesics which we do in the next section.
Gaussian null-like co-ordinates
In this section we will construct a co-ordinate system which will provide a good co-ordinate system in the neighbourhood of the event horizon. The co-ordinate system is obtained from the family of non-axial null geodesics. In this sense it is similar to the Gaussian null co-ordinate system for the neighbourhood of an event horizon. But the co-ordinate system we construct is not exactly the Gaussian null co-ordinate system; on the horizon hypersurface one of the Guassian null co-ordinates is the affine parameter along the null geodesic generators of the horizon but the co-ordinates we construct below do not have this feature. Nevertheless it does provide a good co-ordinate system for the neighbourhood of the horizon which is what is needed to address the smoothness of the metric at the horizon and to extend it into the interior. We will refer to the co-ordinate system we construct as Gaussian null-like co-ordinates.
The family of non-axial null geodesics are best studied in a spherical co-ordinate system for the transverse space to the branes. The multi-centered M2 brane solution in these co-ordinates is given by
The horizon of the first centre is at r = 0 and we will investigate the smoothness there. It is convenient to expand in terms of the relevant spherical harmonics 
Constructing Gaussian null-like co-ordinates
We expect that the SO(7) symmetry of the solution outside the horizon continues to be a symmetry of the extension of the metric. Hence we will only need to consider geodesics that have constant angular momentum along the S 6 i.e. angular co-ordinates along S 6 will not change along the geodesic. The co-ordinates that are non-trivial functions of the affine parameter are t, x 1 , x 2 , r, θ. The geodesic equations in isotropic co-ordinates then are five coupled second-order differential equations four of which can be integrated once :
The angles on the S 6 do not change along the geodesic; they continue to be co-ordinates in the Gaussian null-like co-ordinate system. The angle θ changes along the geodesic; it's value on the horizon, denote it by Θ, is taken to be one of Gaussian null-like co-ordinates. The other four co-ordinates in the Gaussian null-like co-ordinate system are the affine parameter λ and the integration constants that come by integrating the t, x 1 , x 2 geodesic equations. We first solve the equations (4.22) in the following manner :
where
will be determined below; the integration constants v, w, y 2 will form three of the Gaussian null-like co-ordinates. Isotropic co-ordinates t, x 1 , x 2 go bad as we approach horizon. This can be seen from 4.25 where T (λ, Θ) → ∞ as λ → 0. Gaussian null-like co-ordinates v, w, y 2 are well-defined and finite at the horizon. We choose to introduce the functions f, g, h of integration constants in the above because a simpler choice such as constants will not make the metric non-singular at the horizon; then we would not have obtained a good co-ordinate system for the neighbourhood of the horizon. A completely arbitrary choice of functions f, g, h does not make the metric in these co-ordinates non-singular. We will encounter various conditions along the way one of them is that they need to satisfy the constraint
Although we do not have a solution to all the constraints 2 that the f, g, h would need to satisfy by the end of the analysis, we do have many examples; thus we do have multiple examples of Gaussian null-like co-ordinate systems. The constraint (4.27) means that we now need to solve the equations
Let us assign the affine parameter λ = 0 for the event horizon; here λ takes positive values outside the horizon (note that this convention is different from the previous section). r(λ, Θ) and θ(λ, Θ) are solutions to (4.28) and (4.29) with the initial conditions
We assume series expansions of the form 
where c α ≡ cos α, s α ≡ sin α. The appendix provides more details of obtaining these expansions as well as more terms all of which are needed to obtain the results in this section.
With these expansions the computation in (4.26) can be performed. We thus have, in (4.25), (4.32) and (4.33) the co-ordinate transformations between the Gaussian null-like co-ordinates v, w, y 2 , λ, Θ, Ω 6 and the isotropic co-ordinates t, x 1 , x 2 , r, θ, Ω 6 . The functions f, g, h thus enter in the definition of the Gaussian null-like co-ordinates; they only need to satisfy the constraint (4.27) and any other conditions that ensures the metric on the horizon in the Gaussian null-like co-ordinates is non-singular. We will see below that we have many choices for f, g, h.
Metric is C 3
We use the co-ordinate transformations (4.25), (4.32) and (4.33) to compute the metric in the Gaussian null-like co-ordinates :
Each of the unknown functions appearing above are defined in an appendix: (B.61), (B.62). The condition S = 0 4.27 ensures that g λλ component is well-behaved at the horizon. Derived conditions ∂ v S = 0, ∂ w S = 0, ∂ y 2 S = 0 ensure that g vλ , g wλ , g y 2 λ respectively are well-behaved at the horizon.
As we can see from the explicit components of the metric, the least differentiable components of the metric are g ΘΘ and g Ω 6 Ω 6 which are C 3 functions. Hence we conclude that multi-centred membrane solution is only C 3 at any of it's horizons.
The metric (4.34) has the usual co-ordinate singularities of spherical co-ordinates at Θ = 0, π. Apart from these, we also require that the metric is non-singular at λ = 0. We can compute the determinant of the metric on the horizon i.e. at λ = 0:
where g S 6 is the determinant of the round metric on the unit six sphere and the q i 's and the z i 's are defined in (B.62). Requiring that the determinant does not vanish on the horizon gives us the following condition that our choice of f, g, h functions must satisfy:
We do not analyze this condition in detail here. But we do have many examples for the f, g, h functions that satisfy (4.36) and (4.27) two of which are In the previous section we deduced that the metric is only C 5 from the differentiability of the norm of the Killing vector field corresponding to time translations. This was achieved by examining the norm of the Killing vector field along the axial geodesic. This strategy does not work for computing the norm of the SO(7) Killing vector fields because the six sphere on which these Killing vector fields are supported becomes zero size everywhere on the axial geodesic and consequently the norms of the Killing vector fields vanish. By considering radial geodesics, we have obtained the metric in the neighbourhood of the event horizon. Using this metric, one can determine volume of the S 6 :
We thus see that the volume is a C 3 function. From the relation of the norm of the SO (7) Killing fields to the volume of the S 6 we can conclude that the norm is also only C 3 .
Maxwell field strength is C 2
We now consider the degree of differentiability of 4-form field strength in the Gaussian null-like co-ordinates. The 3-form gauge potential in the Gaussian-null co-ordinates is obtained using the co-ordinate transformations (4.25), (4.32), (4.33):
The full expression can be found in an appendix: (C.64), (C.65) and (C.66). The 4-form field strength in the Gaussian null-like co-ordinates is:
The non-zero components are the following:
The various undefined terms above are gathered in an appendix: (C.65), (C.66), (C.63). Conditions ∂ v S = 0, ∂ w S = 0, ∂ y 2 S = 0 require
for having non-trivial solution for f, g, h. This condition ensures that components F λvwy 2 , F Θvwy 2 are regular at the horizon. From the formulae in the appendix, particularly (C.65) and (C.66) , we can see that the F λvwy 2 component is a C 3 function, F Θvwy 2 is a C 4 function and F λΘvw , F λΘvy 2 , F λΘwy 2 are C 2 functions. We thus conclude that F [4] is only C 2 at the horizon.
Equation of motion
We have shown that the metric is 
Extending through the horizon and the interior metric
Since the metric at the horizon is only of finite differentiability, infinitely many interior solutions can be matched to exterior solution given by (4.18). We will assume that interior metric has same Killing vectors as exterior metric. As done for the black hole case in [1] , we assume that the interior metric takes the same form as exterior metric in isotropic co-ordinates but with a different harmonic functionĤ(r, θ). The range of the co-ordinates (except r) remains the same as the exterior metric.
whereĤ is chosen to agree with H (for exterior metric) at the leading order.
In the exterior region, we have λ > 0 (this is consistent with section 4 but not with section 3) which is the affine parameter along a past-directed geodesic. For the interior region, we define the parameterλ to be the affine parameter along future directed null geodesic. We construct (nearly) Gaussian null-like co-ordinates as before. Geodesic equation for r and θ remain same except for λ →λ and h n →ĥ n .
and similarly for x 1 , x 2 withT λ , Θ defined as above.
The interior metric we get is
For the metric to be continuous across the horizon, i.e. C 0 , we have to chooseλ = −λ for the interior region. We match interior and exterior metrics upto order λ 3 since we only have a C 3 metric. This sets h 0 = −ĥ 0 and rest of the coefficients are unconstrained. Hence we have infinite family of interior metrics parametrized by h n for n ≥ 1. Similarly field strength can be matched upto order λ 2 terms without any further constraints on h n .
5 Two centered M2-brane solution: Exact C 3 metric Metric for two centered M2 branes written in nearly Gaussian null co-ordinates provides a C 3 extension of the metric, written as a series in affine parameter λ. In this section, we give an exact C 3 metric for the two centered M2 brane case. Final form of the metric is not very illuminating though.
As we wrote earlier, for two M2 branes, one at the origin and other one along the z-axis at a distance a, we have
In section two, we had given co-ordinate transformations which make the metric of single centered M2 brane analytic at the horizon. For two M2-brane case, we won't get analytic metric but only C 3 metric. We start by making the same co-ordinate transformation as we 14 use for single centered case. r = µ and metric becomes
and Y n (cos θ) are Gegenbauer polynomials and h n are constants given by
a 6 a n (5.52)
Defining new co-ordinates U, V, W, X 2 using the co-ordinate transformations given earlier 2.7, we get the metric of the following form
(5.53)
Here the metric coefficients are given by following expressions
we are interested to checking how differentiable are the metric coefficients at the horizon. Integer powers of V don't create any problems and so we concentrate on non-integer powers.
Knowing the expression for f , we can see that the metric is C 1 as V → 0. But we can get a C 2 metric by noting that the lowest non-integer power of V occurs in dV
and that can be cancelled by making further co-ordinate transformation U → U − G(V, W, θ) tailored to cancel the term proportional to V 3/2 . In fact, by choosing
we can cancel the half integral powers of V in the coefficient of dV 2 term. Explicitly, the co-ordinate transformation is
This co-ordinate transformation makes the metric C 2 but it generates terms proportional to V 5/2 in coefficients of dV dW and dV dθ. Notice that since dV 2 doesn't contain any non-integer powers of V , only terms which contain terms proportional to V 5/2 are coefficients of dV dW and dV dθ.To obtain a C 2 metric at the horizon, we need to get rid of these terms proportional to V 5/2 . To do that, we make further co-ordinate transformations. First, we write W = e P so that dW W = dP . Then we make following co-ordinate transformations
(5.59)
Choosing K 1 and K 2 carefully we can get rid of terms proportional to V 5/2 . Rest of the terms only have V 7/2 or higher powers of V and hence metric at the horizon V = 0 is C 3 in these co-ordinates.
Conclusions and Outlook
In this work we analyzed in detail the question of degree of smoothness of multiple M2-brane metric. By solving for null geodesics in this geometry, we constructed "nearly Gaussian null co-ordinates" and found that in terms of these co-ordinates, metric can be extended across the horizon but the extended metric is only C 3 at the horizon. We also found an exact set of coordinate transformations which take from multiple M2-brane metric in isotropic co-ordinates to co-ordinates(different from Gaussian null co-ordinates) in which metric is C 3 at the horizon.
Finite differentiabilty of the metric at the horizon means that an observer falling through the horizon can detect the presence of horizon through local measurement [9] . Finite differentiabilty means that some derivatives of Riemann tensor will blow up at the horizon and these can in principle be observed by an infalling observer.This singularity is very mild but this is unlike the case of single centered M2 branes and black holes, which have analytic horizon. It would be interesting to consider the case of a probe M2-brane in this spacetime to see if such kind of singularities have some effects. It's not clear if the fact that interior metric of multiple M2-branes is not unique has any significance for the world-volume theory.
One may wonder whether higher derivative corrections have any effect on such singularity.
In [2] , a particular four derivative term was considered for the case of multi-centered black holes in five dimensional supergravity and found not to change the degree of smoothness of the metric at the horizon. It's not clear what happens if other higher derivative terms are included.
For our M-theory case, higher derivative terms are either not well understood or very difficult to analyze. But the fact that corrections to classical two derivative theory can happen at the scale of the horizon is quite significant in itself.
The present work also leads to the question of the degree of smoothness of horizons when the multiple membranes are not confined to a common axis in the transverse space. One could for example consider multiple membranes confined to be only on a plane in the transverse space. The exterior metric would then have only a SO(6) symmetry. The author of [2] argues that the degree of smoothness should decrease. The more symmetries of the single centered solution that the multi centered solution breaks the less is the degree of horizon smoothness.
Although the above statement is not a theorem it seems reasonable. We are currently analyzing this issue in the context of multi-black holes and multi-membrane solutions. We plan to report on this issue in a forthcoming work [10] .
A Series expansions for r(λ, Θ) and θ(λ, Θ)
In this appendix we give a brief account of the computations leading to (4.32) and (4.33). We plug in the expansions (4.31) into the equations (4.28) and (4.29) and solve it order by order in λ [1] . Instead of imposing the boundary conditions (4.30), we impose the modified boundary conditions :
Doing this ensures that every c i and b i co-efficient at whatever order it appears first appears linearly thus giving unique solution. They do occur at higher orders with higher powers but by then they have been determined and become constants in terms of which the solutions to whatever co-efficients that occur linearly at that order are determined. We do this order by order and then take the limit b → 0 to obtain the following series expansions. Note : Here we gather the formulae for various terms defined in (4.34)
C Components of A [3] In this appendix, the components of the 3-form potential (4.39) are explicitly given in (C.64), (C.65) and (C.66).. The various terms defined in the 4-form field strength (4.41) are in (C.65), (C.66) and (C.63).
Various combinations which occur in (4.41) having following series expansions in λ. 
D Equation of motion
In this appendix we gather all the formulae that goes into the computations of section 4.5. We work with a specific choice of Gaussian null-like co-ordinates: In this specific Gaussian null-like co-ordinate system the 4-form field strength is where in the last equation R ab and g ab are the components of the Ricci tensor and the metric tensor along the six sphere. Other components may be non-zero but they all start after O(λ 3 ).
